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Abstract In this paper, we investigate separability of CP-graded ring extensions. With restrictions neither
to graded fields nor to grading by torsion–free groups, we show that some results on graded field extensions
given in Hwang and Wadsworth [Commun Algebra 27(2):821–840, 1999] hold.
Mathematics Subject Classification 12Kxx · 15A63
1 Introduction
Let (,+) be an abelian group and R a unitary commutative -graded ring, i.e., the ring R has a decomposi-
tion R = ⊕σ∈ Rσ , a direct sum of additive subgroups, such that Rσ Rτ ⊂ Rσ+τ for every (σ, τ ) ∈ 2. Set
Rh = ∪σ∈ Rσ the set of homogeneous elements of R. For every nonzero homogeneous element x ∈ Rσ , we
write deg(x) = σ and we call it the degree of x . If every homogeneous component of R contains an invertible
element, then R is called a CP-graded ring. When this occurs, then  is called the grade group of R and for
every σ ∈ , Rσ is a free R0-module of rank 1, which is generated by an invertible element uσ . Since for every
(σ, τ ) ∈ 2, deg(uσ uτ ) = σ + τ , there exists a map c : 2 −→ U (R0) defined by uσ uτ = cσ,τ uσ+τ , where
U (R0) is the set of invertible elements of R0. In that way, the CP-graded ring will be denoted by R0[, c].
The graded ring R is said to be a graded field if every nonzero homogeneous element in R is invertible. In that
case, R0 is a field and for every σ ∈ , Rσ is an R0-vector space of dimension 1.
In [4], Hwang and Wadsworth established some results on graded field extensions. Since their goal was
to describe an algebraic extension theory of graded fields analogous to what is known for valued fields, they
assumed that the grading groups are abelian torsion free. In this paper, these results are generalized to CP-graded
ring extensions over a graded field.
Throughout this paper, R = ∑σ∈ R0uσ is a graded field with grading group  and S is a commutative
graded ring, which is an extension over R, with grading group . We start showing that every homogeneous
integral element of S has a minimal polynomial over R. In Sect. 2, a characterization of separability of CP-
graded ring extensions, via the discriminant ideal, is given. In particular we show that some separability results
given in [4] hold for more general graded fields and grading groups. A classification theorem is given.
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2 Preliminaries
The following proposition generalizes [1, Theorem 3, p. 29].
Proposition 2.1 Let S/R be a CP-graded ring extension. Then S is a free R-module such that [S : R] = [S0 :
R0][ : ].
Proof For a subgroup  such that  ⊆  ⊆ , let S() := ⊕x∈Sx . In particular, S() is a graded ring with
grading group  and R ⊆ S() ⊆ S. Define a new grading on S over the group / by taking Sσ := ⊕x∈σ Sx ,
for every σ ∈ /. Then S is a /-graded ring, whose homogeneous component of degree 0 is S(). Since
every homogeneous component of S contains an invertible element, S with this /-grading is a CP-graded
ring such that S() is its homogeneous component of degree 0. In particular, S is a free S()-module with a
basis {wσ , σ ∈ /}. It follows that S is a free S()-module of rank [ : ]. On the other hand, for every
x ∈ , let ux ∈ Rx be an invertible element. Then Sx = ux .S0. As S0 ⊗R0 R =
∑
σ∈ S0 ⊗R0 Rσ , S0 ⊗R0 R
is a graded ring with grading group  and whose homogeneous component of degree 0 is S0 ⊗R0 R0. Hence
the multiplication of S induces an isomorphism of graded rings S0 ⊗R0 R 
 S() defined by μ(s ⊗ r) = sr .
It follows that S() is a free R-module of rank [S0 : R0]. unionsq
Remark that if S is a finitely generated R-module, then [ : ] is called the ramification index of the
extension S/R and [S0 : R0] is called its residue degree.
The extension S/R is called a totally ramified graded ring extension if S is a finitely generated R-module
and [S : R] = [ : ], i.e., S0 = R0.
The extension S/R is called unramified, if S is a finitely generated R-module,  =  and S0/R0 is a
separable ring extension.
Recall that for an R-algebra S which is a free R-module of finite rank, every x ∈ S induces an R-homo-
morphism lx of S defined by lx (s) = xs for every s ∈ S. Define TS/R(x) = tr(lx ) the trace of lx . Let M be
a free R-submodule of S. Then TS/R is a linear form of S, which induces a bilinear form of M defined by
TM/R(x, y) = TS/R(xy) for every (x, y) ∈ M2. The determinant of the bilinear form TM/R with respect to
an R-basis (e1, . . . , en) of M is denoted by D(e1, . . . , en) and called the discriminant of (e1, . . . , en). The
discriminant ideal of the R-module M is the principal ideal generated by D(e1, . . . , en), where (e1, . . . , en)
is an R-basis of M . For more details see [3].
3 Simple extensions of graded rings
In [4], Hwang and Wadsworth have shown that if R is a graded field whose grading group is a torsion free
abelian group, then R is an integrally closed domain. So every homogeneous integral element of S over R has
a minimal polynomial in R[X ]. In this section, we extend this result to the case where  is an arbitrary abelian
group and we give a characterization of the separability of such an element.
Let σ ∈  and let P = ∑ni=0 ai Xi be a polynomial of R[X ] of degree n. P is said to be a σ -homoge-
neous polynomial if every ai = 0, ai is a homogeneous element of R and for every (i, j) such that ai = 0
and a j = 0, deg(ai ) + iσ = deg(a j ) + jσ . Let λ = deg(an) + nσ be the grade of the polynomial P .
For every λ ∈ + < σ >, let R[X ]λ be the set of σ -homogeneous polynomials of grade λ in R[X ]. Then
R[X ] = ∑λ∈+<σ> R[X ]λ is a graded ring with respect to the semigroup + < σ >, which will be denoted
R[X ](σ ). In that way P(X) is a homogeneous element of degree λ in the graded ring R[X ](σ ). In particular,
every polynomial of R[X ] splits as a sum of σ -homogeneous polynomials of R[X ].
Proposition 3.1 Let α be a homogeneous element of S of degree σ . If α is integral over R, then α has a
minimal polynomial over R, which is σ -homogeneous, i.e., the ideal I (α) = {P ∈ R[X ] | P(α) = 0} of R[X ]
is a principal ideal, which is generated by a monic σ -homogeneous polynomial.
Proof Let x = ∑ni=0 riαi ∈ R[α]. For every i , decompose ri as a sum of homogeneous elements of R. Since α
is a homogeneous element of S, x = ∑g∈+<σ> Pg(α), where every Pg(X) is a σ -homogeneous polynomial
of R[X ] of grade g. Hence R[α] contains the homogeneous components of x . Consequently, R[α] is a graded
R-algebra with respect to the semigroup + < σ >. Since α is integral over R, R[α] is a finitely generated
R-module. From [1, Theorem 3, p. 29], R[α] is a free R-module of finite rank. Let Pα(X) = det(X IS − lα)
be the characteristic polynomial of the R-homomorphism lα of R[α], defined by lα(x) = αx . Since the
degree of the polynomial Pα(X) is [R[α] : R], Pα(X) is the minimal polynomial of α over R. Let μα(X)
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be the nσ -homogeneous component of Pα(X) in the graded ring R[X ](σ ). Then μα(X) is a monic polyno-
mial of R[X ] of the same degree as Pα(X). Let μα(X) = Pα(X)Q(X) + r(X) be the Euclidean division.
Then degree(r(X)) < degree(μα(X)). Since μα(α) = 0 and Pα(X) is the minimal polynomial, r(X) = 0.
Therefore, Pα(X) = μα(X) is a σ -homogeneous polynomial. unionsq
Corollary 3.2 Let s ∈ Sσ be an invertible homogeneous element, which is integral over R. Then
(1) R[s] is a CP-graded ring with grading group + < σ >.
(2) Let d be the cardinal order of + < σ > /, x a nonzero homogeneous element of R of degree dσ and
[R[s] : R] = n. If s is invertible, then μs(X) = x nd H(x−1 Xd) is the minimal polynomial of s over R,
where H(X) ∈ R0[X ] is the minimal polynomial of x−1sd over R0. In particular, R[s]0 = R0[x−1sd ].
Proof (1) Since s is integral over R, from Proposition 2.1, R[s] is a free graded R-algebra of finite rank. Let
μs(X) = Xn + · · ·+ a0 be the minimal polynomial of s. As s is invertible and μs(X) is homogeneous, a0
is a nonzero homogeneous element of R. Thus, it is invertible in R and s−1 = −a−10 (sn−1 + · · · + a1) ∈
R[s]. Therefore, R[s] = ∑g∈+<σ> Rg is a CP-graded ring with grading group + < σ >, where
Rg = ∑τ+nσ=g Rτ sn for every g ∈ + < σ >.
(2) Denote an = 1 and let 0 ≤ i < j ≤ n such that ai = 0 and a j = 0. Since μs(X) is a σ -homogeneous
polynomial, (i − j)σ = deg(a j ) − deg(ai ) ∈ , and then d divides i − j . In particular, since a0 = 0, if
ai = 0, then d divides i . Thus, μs(X) = ∑mi=0 adi Xdi . Therefore, μs(X) = b
∑m
i=0 b−1xi adi (x−1 Xd)i =
bP((x−1 Xd)), where b = x nd and n = [R[s] : R]. On the other hand, since deg(x−1sd) = −dσ +dσ = 0
and deg(b−1xi adi ) = (i.d−n)σ +deg(adi ) = 0, P(X) ∈ R0[X ] and R0[x−1sd ] ⊂ R[s]0. By Considering
the degree, P(X) is the minimal polynomial of x−1sd over R, and then R[s]0 is a free R0[x−1sd ]-module
of rank 1, i.e., R[s]0 = R0[x−1sd ]. unionsq
Remark 3.3 With notation as in the proof of Corollary 3.2, let s ∈ Sσ be an invertible homogeneous element
which is integral over R. Then μs(X) = bP(x−1 Xd), where P(X) is the minimal polynomial of x−1sd over
R. In particular, if sd ∈ R, then μs(X) = Xd − sd .
4 Separable CP-graded ring extensions
In [2], without restrictions to torsion free of grading groups, some separability results given in [4] are gener-
alized. In this section, we investigate separability on more general CP-graded ring extensions. We close this
section by a classification Theorem.
Lemma 4.1 If S/R is separable, then S is a free R-module of finite rank.
Proof From [5, Proposition III.3.2], if S/R is separable, then S is a finitely generated R-module. Thus, from
Proposition 2.1, S is a free R-module. unionsq
In the sequel of the paper, S/R is a CP-graded ring extension such that S is a finitely generated R-module and
/ = {σ¯1, . . . , σ¯n}. For every i , fix wσi a homogeneous element, of S, of degree σi . Specify σ1 = 0 and
w0 = 1. Then (wσ1, . . . , wσn ) is an S()-basis of S.
The following theorem gives a criterion to test if a CP-graded ring extension is separable.
Theorem 4.2 Let S/R be a CP-graded ring extension such that S is a finitely generated R-module. Then S/R
is separable if and only if S0/R0 is separable and [ : ] is invertible in R0.
Proof It suffices to show that S/R is separable if and only if S()/R and S/S() are separable. Since S() 

S0 ⊗R0 R, DR(S()) = DR0(S0)R. On the other hand, for every (i, j), there exists cσi ,σ j an invertible element
of S() such that wσi wσ j = cσi ,σ j wσi +σ j . Thus, if σi + σ j ∈ , then the matrix of the S()-endomorphism
of S defined by the multiplication by wσi +σ j is a diagonal matrix, and then TS/S()(wσi wσ j ) = ncσi ,σ j wσi +σ j .
If σi + σ j ∈ , then the matrix of the S()-endomorphism of S defined by the multiplication by wσi +σ j is
a matrix with zero at the diagonal. Thus, TS/S()(wσi wσ j ) = 0. Consequently, the determinant of the bilinear
form TS/S(), with respect to the basis (wσ1 . . . , wσn ), is D(wσ1 . . . , wσn ) = snn , where s is an invertible
element of S(). Finally, S/R is separable if and only if n is invertible in R0 and DR0(S0)R = R. unionsq
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Corollary 4.3 Let S/R be a CP-graded ring extension such that S is a finitely generated R-module.
(1) If S/R is a totally ramified CP-graded ring extension, then S/R is separable if and only if [ : ] is
invertible in R0. In particular, S/S() is separable if and only if [ : ] is invertible in R0.
(2) If  = , then S/R is separable if and only if S0/R0 is separable. In particular, S()/R is separable if
and only if S0/R0 is separable.
(3) S/R is separable if and only if S()/R and S/S() are separable.
Proposition 4.4 Let R be a graded field, which is a domain with quotient field K and S/R a CP-graded
ring extension such that S is a finitely generated R-module. Then S/R is separable if and only if K S/K is
separable.
Proof In the proof of Theorem 4.2, we have shown that DR(S) = nn f (DR0(S0))n R, where f = [S0 : R0].
Since every R-basis of S is a K -basis of K S, DK (K S) = DR(S)K . Therefore DK (K S) = nn f (DR0(S0))n K .
Consequently, K S/K is separable if and only if n is invertible in R and DR0(S0) = R0, i.e., S/R is separable.unionsq
The following theorem gives a classification of separable CP-graded algebras over a graded field.
Theorem 4.5 Let S/R be a CP-graded ring extension. Then S/R is separable if and only if S = ⊕ri=1Seii ,
where Si/R is a separable graded field extension for each i . Up to an isomorphism of R-algebras, this decom-
position is unique.
Proof Assume that S/R is separable. Then S0/R0 is separable too. Hence S0 = ⊕ri=1 Ki , where every Ki/R0
is a separable extension of fields and let (ei )1≤i≤r be the corresponding primitive idempotents of S0 (1 =∑r
i=1 ei ∈ ⊕ri=1 Ki ). Let S0 = ⊕ti=1 K vii , where K vii = ⊕K j 
Ki K j and let Si =
∑
σ∈ Ki ei uσ . Then Si is a
graded field with grading group  and S 
 ⊕ti=1Svii as R-graded algebras.
For the uniqueness, if f : S −→ ⊕hi=1T kii is an isomorphism of graded algebras. Then f (S0) is the
homogeneous component of degree 0 of ⊕hi=1T kii . By Proposition 2.1, h = r and for every i , ei = ki and
Ti 
 Ki .
Conversely, assume that S = ⊕ri=1Seii , where Si/R is a separable graded field extension for each i . Then
DR(S) = ∏ri=1 DR(Si ) = R, i.e., S/R is separable. unionsq
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